Abstract. Let Ct(n) denote the number of t?core partitions of n; where a partition is a t?core if none of the hook numbers of the associated Ferrers-Young diagram are multiples of t: It is well known that t?cores describe the local-global behavior of representations of many nite groups, and are important for special cases of the Ramanujan congruences for the ordinary partition function. We show that these partitions also capture the structure of ideal class groups of suitable imaginary quadratic elds, which is a new perspective in the study of class groups. We show that if 8n + 5 is square-free, then C 4 (n) = 1 Moreover using the theory of abaci, we obtain an explicit map from the set of 4?cores to binary quadratic forms. As immediate corollaries, we obtain the Hirschhorn-Sellers Conjectures, and we nd that a unique genus in the class group C L(?32n ? 20) labels p?defect zero unipotent characters of suitable nite general linear groups GL(n; q):
A partition of a positive integer n is a non-increasing sequence of positive integers whose sum is n: The number of such partitions is denoted p(n) H(2; 1) = 4; H(2; 2) = 2; H(2; 3) = 1; and H(3; 1) = 1: Therefore, if t 6 2 f1; 2; 4; 5; 7g; then is a t?core.
These partitions arise in a number of settings. In combinatorial number theory, Garvan, Kim, and Stanton 13] used them to obtain combinatorial proofs of certain special cases of the Ramanujan congruences for p(n): Speci cally they proved that p(5n + 4) 0 (mod 5); p(7n + 5) 0 (mod 7); p(11n + 6) 0 (mod 11); p(25n + 24) 0 (mod 25);
by de ning explicit statistics, called cranks, which divide the relevant sets of partitions into equinumerous classes.
In representation theory, t?cores for t prime, rst arose in connection with Nakayama's conjecture 21, 33] which describes the distribution of characters of the symmetric group into Brauer blocks (see 6, 20, 21, 33] As a consequence, the arithmetic properties of C t (n); the number of t?core partitions of n has been of interest in combinatorial number theory and representation theory. Hence C t (n) has been the focus of recent investigation. For instance, Garvan 13] proved some`Ramanujantype' congruences for C p (n) for certain special small primes p, and Hirschhorn and Sellers 18] proved the following multiplicative formulas for C 4 where is a positive integer. They also conjectured similar multiplicative properties for C 4 (n) for other primes p: In this paper, we prove these conjectures using the index formulae for class numbers.
The t?core conjecture has been the topic of a number of papers 10, 12, 16, 23, 24, 25, 29, 30] . This conjecture asserted that if t 4; then C t (n) > 0 for every non-negative integer n:
Recently, Granville and Ono 16, 29, 30] have successfully completed the proof of this conjecture using the theory of modular forms and quadratic forms, and the proof has been generalized and simpli ed by Kiming 23, 24] . As a consequence of this theorem, it follows that if p 5 is prime, then every symmetric group and every alternating group has at least one defect zero p?block. This resolved the last case of Brauer's problem 19 for nite simple groups, and so if G is a nite simple group and p 5 is prime, then G has a p?defect zero character.
In this paper we examine the arithmetic properties of C 4 (n) using Gauss' theory of class numbers and the combinatorics of abaci. In representation theory, the following important fundamental result for 4?cores follows from the work of Fong and Srinivasan 11,28]: Theorem 1. Let q be the order of the nite eld GF(q): If r is an odd prime for which r j q 2 + 1 and n 4; then C 4 (n) equals the number of r?defect zero unipotent characters of the nite general linear group GL(n; q): Hence every result regarding C 4 (n) is also a statement concerning the set of suitable r?defect zero unipotent characters of GL(n; q):
2. Consequences of class number theorems
First we x notation. Let CL(N) denote the class group of discriminant N binary quadratic forms, and let h(N) denote its order, the discriminant N class number. In this section we show that C 4 (n) is related to h(?32n ? 20) ; and then as a consequence we obtain immediate corollaries which follow from well known properties of class numbers. We follow Dirichlet's re nement in describing the composition law:
Composition Law. Let If f(u; v) and g(u; v) do not satisfy the gcd condition of the composition law, replace them by the properly equivalent forms f(u; v) and g(?v; u) which do satisfy the gcd condition. If N 0 (mod 4); then the form u 2 + Nv 2 represents the identity, the principal class of CL(N):
Furthermore, the classes containing au 2 + buv + cv 2 and au 2 ? buv + cv 2 are inverse to each other in CL(N):
Returning to t?cores we now recall an important fact. The generating function for C t (n) 13, 21, 25] is given by the following convenient in nite product:
We use this along with the Jacobi theta function identity: Proof. We use the bijection given by Garvan, Kim, and Stanton 12] between t?cores and solutions to particular quadratic forms. In particular, the number of 4?core partitions of n is equal to the number of vectors (n 0 ; n 1 ; n 2 ; n 3 ) 2 Z 4 on the hyperplane n 0 + n 1 + n 2 + n 3 = 0 which satisfy n = 2(n 2 0 + n 2 1 + n 2 2 + n 2 3 ) + n 1 + 2n 2 + 3n 3 :
Furthermore, under that bijection, the 4?tuples (n 0 ; n 1 ; n 2 ; n 3 ) and (?n 3 ; ?n 2 ; ?n 1 ; ?n 0 )
correspond to conjugate 4?cores. Therefore, self-conjugate 4?cores correspond exactly to In other words, there are no gaps between consecutive beads in any column, and the top bead in every non-empty column is in row 1: Therefore, we may let t?tuples of non-negative integers A = (n 0 ; n 1 ; : : : ; n t?1 ) denote the abaci of t?cores. As the following lemma shows, these "gapless" abacus positions do not represent t?cores uniquely 10] when we allow for parts of size 0 in partitions. Lemma 1. The two abaci A 1 = (n 0 ; n 1 ; : : : ; n t?1 ) and A 2 = (n t?1 + 1; n 0 ; n 1 ; : : : ; n t?2 ) represent the same t?core partition. Now because of this Lemma, it is clear that there are many abaci for any given partition once we allow for abaci where the number of beads exceeds the number of parts in a partition. In such cases, some of the beads will correspond to parts of size zero in the partition.
Since it is our goal to use abaci as labels for all t?cores, it is important for us to normalize them properly. Although the following exposition may be generalized to arbitrary t?cores, it is not necessary to the development of our main goals. Hence, we restrict our attention to the case where t = 4: The following illustration will be helpful. Consider the 4?core represented by I(1;
If we replace each of the beads in this abacus by their associated structure numbers, B 1 = 10; B 2 = 7; B 3 = 6; B 4 = 3; B 5 = 2; and B 6 = 1; we get the following abacus. Since the smallest structure number is 1; the smallest part size is also 1: Now we inductively produce the remaining part sizes. By observation 2, the next few part sizes are given by This is the inverse to the quadratic form (9) associated to (x; y; z): Thus, Gauss' map remains invariant over pairs of sign changes, and is thus well de ned on K(8n + 5): (ii) If one of x; y; or z is zero, the associated binary quadratic form is the principal form. For instance suppose that z = 0; then a solution to (8) which is a representative for the principal class. Before proceeding, we prove the following conjugation identities which are useful in the sequel. We shall let A 1 A 2 signify that A 1 and A 2 are conjugate partitions. Conjugation of a Ferrers-Young diagram switches rows and columns, so it will be enough to show that the column sizes of the above partition correspond to the row sizes given by the Thus, self-conjugate 4-core partitions of n are exactly those whose associated triples have a 0. Therefore, the number of self-conjugate 4-core partitions of n is exactly the number of ways to write 8n + 5 as the sum of the squares of two positive integers, disregarding order. This gives a second proof of Theorem 3. The correspondence between partitions and the abacus positions is given by Theorem 5. For instance, the partition 8; 5; 2; 2; 2; 1; 1; 1 contains the segment 2; 2; 2; 1; 1; 1 from which we deduce that the generation number is g = 2: Since the remaining parts contain no pairs or consecutive parts, it follows that d = 0: Since there are e parts with consecutive di erences of 3; it follows that e = jC ? Dj = 2 and that this partition is a type I partition where C < D:
Since in this case d =min(C; D) = 0, it follows that this partition is a type I(2; 0; 2) partition.
By (7), I(2; 0; 2) maps to the 3?tuple (?9; 10; 0) which satis es (?9) 2 + 10 2 + 0 2 = 181:
As a solution to (8) ? 9 By substituting this into (9), we obtain (10u) 2 + (9u) 2 + (?v) 2 = 181u 2 + v 2 ;
the principal form.
The second partition 8; 5; 3; 3; 1; 1; 1 corresponds to the abacus I(1; 3; 1): By the map (7), this abacus corresponds to the triple (1, 6, 12) , and Gauss' method gives the quadratic form 5u 2 + 4uv + 37v 2 : Call the class of this form :
The conjugate to the second partition, 7; 4; 4; 2; 2; 1; 1; 1 maps rst to the triple (1,-6,12) 2 Note that the form 6u 2 + 6uv + 29v 2 has order 2 in CL(?660) which is consistent with the fact that conjugate partitions correspond to inverses in the group. 4 . Concluding remarks By Theorem 6, it is easy to see that there is an obvious notion of equivalence which can be applied to 4?core partitions and also to the r?defect zero unipotent characters of suitable GL(n; q) that they label.
De nition 4. Two 4?core partitions of n are equivalent if they correspond to equivalent binary quadratic forms. With this de nition, we obtain the following trivial corollary to Theorem 4. In the other direction, can one use these ideas to prove nontrivial theorems about class numbers? It is certainly of interest to see whether one can prove nontrivial theorems about class numbers using the combinatorial properties of 4?core partitions and representation theory.
At this point, it is true that some elementary observations yield interesting although trivial, tidbits about class numbers. Although the works of Goldfeld, Gross, Oesterl e, and Zagier solve Gauss' class number problem for negative discriminants, it is still of interest to obtain lower bounds for class numbers by other means. For instance, consider the class number 2 problem. By genus theory, it is clear that the only positive square-free integers 8n + 5 for which h(?32n ? 20) = 2 are primes. By Theorem 5, it is clear that 3 is a very special integer which de nes many symmetric properties of 4?cores. In particular, there should be some nice properties that 4?core partitions satisfy under the 3 permutations of the parameters g; C; and D when two of them are equal. These are the 4?cores of the form I(x; y; y); I(y; x; y); I(y; y; x); II(x; y; y); II(y; x; y); II(y; y; x); III(x; y; y); III(y; x; y); and III(y; y; x) where x and y are non-negative integers.
In particular, consider the following two cases. By Proposition 1, we nd that there is a III(y; x; y) partition of n if and only if 8n + 5 = 3(2x + 1) 2 + 2(4y + 1) 2 ; and that there is a I(y; y; x) partition of n if and only if 8n + 5 = 3(2x + 1) 2 + 2(4y + 1) 2 : It is well known that every prime p 5 (mod 24) is represented by precisely one of the two above forms. However, by Proposition 2 the only self conjugate 4?core partition of the form I(y; y; x) or III(y; x; y) is I(0; 0; 0) which is a partition of 0: Hence, if n is a positive integer for which 8n + 5 5 (mod 24) is prime, then by Theorem 2 C 4 (n) 3: Consequently, by Theorem 1, it follows that if 5 < p 5 (mod 24) is prime, then h(?4p) 6 : In particular, we nd that p = 5 is the only prime p 5 (mod 24) for which h(?4p) = 2: Unfortunately, the same type of elementary arguments fail for those primes p 13 (mod 24):
Along similar lines, one can nd multitudes of elementary identities which forces class numbers to be large. For instance, it is easy to verify by Proposition 1 that I(g; 6; 6); I(0; 6; 6+ g); I(g + 1; 7; 2); III(4; 2; g + 3); II(g; 7; 4); II(2; g + 5; 4); I(g + 2; 0; 6); and I(6; 0; g + 2) are all 4?core partitions of N(g) = 3 2 g 2 + 27 2 g + 84: Moreover, by Proposition 2, if g 4; then these are all distinct partitions. Therefore, if g 4 and N(g) is square-free, then by Theorem 1 we nd that h(?32N(g) ? 20) 16:
It will be also of interest to see if these combinatorial interepretations of class numbers will shed light on the Cohen-Lenstra heuristics 7] describing the typical structure of class groups. For instance, will these observations lead to results regarding the probability that an 31, 32] . Therefore, in both settings there are modular forms of weight 3 2 whose Fourier coe cients contain the relevant "local-global" data.
